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Abstract. We prove exponential and dynamical localization at low energies 
for the Schrodinger operator with an attractive Poisson random potential in 
any dimension. We also conclude that the eigenvalues in that spectral region 
of localization have finite multiplicity. 



1. Introduction and main results 

The motion of an electron moving in an amorphous medium where identical 
impurities have been randomly scattered, each impurity creating a local attractive 
potential, is described by a Schrodinger equation with Hamiltonian 

Hx-=-^ + Vx on L2(M'*), (1.1) 
where the potential is given by 

Vx(x):=-Y,u{x-0, (1.2) 

with X being the location of the impurities and —u{x — C) < the attractive 
potential created by the impurity placed at C,. Since the impurities are randomly 
distributed, it is natural to model the configurations of the impurities by a Poisson 
process on jLiC^PllFF] . 

The attractive Poisson Hamiltonian is the random Schrodinger operator 77x 
in (|l.l|l with X a Poisson process on with density g > Q\ T6c being then an 
attractive Poisson random potential. The attractive Poisson Hamiltonian i/x is an 
K'^-ergodic family of random self-adjoint operators; it follows from standard results 
(cf. |KiMllPF] 1 that there exists fixed subsets of R so that the spectrum of Ifx, as 
well as the pure point, absolutely continuous, and singular continuous components, 
are equal to these fixed sets with probability one. 

Poisson Hamiltonians have been known to have Lifshitz tails, a strong indication 
of locahzation, for quite a long time [DVlirniFFllKlo2llS^IKloPl lSt]. In particular, 
the existence of Lifshitz tails for attractive Poisson Hamiltonians is proved in |KloPj . 
But up to recently localization was known only in one dimension jStoj : the multi- 
dimensional case remaining an open question (cf. jLMWj V 

We have recently proven localization at the bottom of the spectrum for Schrodinger 
operators with positive Poisson random potentials in arbitrary dimension )GHK1I 
IGHK2) . We obtained both exponential (or Anderson) localization and dynamical 
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localization, as well as finite niultiplieity of eigenvalues. In this article we extend 
these results to attractive Poisson Hamiltonians, proving localization at low ener- 
gies. 

Localization has been known for Anderson- type Hamiltonians jHoMI ICoHl IKloll 
IKiSSI IKlo3l IGK3L lAENSSj . In random amorphous media, localization was known 
for some Gaussian random potentials |FLMI ITTI ILM W| . In all these case there is an 
"a priori" Wegner estimate in all scales (e.g., |HoMI ICoHl IKloll ICoHM. .Ki. iFLMI 

k ^oHNI miENl k JoHK| ) . 

Bourgain and Kenig's proved localization for the Bernoulli- Anderson Hamilton- 
ian, an Anderson-type Hamiltonian where the coefhcients of the single-site poten- 
tials are Bernoulli random variables |BKj . They established a Wegner estimate by a 
multiscale analysis using "free sites" and a new quantitative version of unique con- 
tinuation which gives a lower bound on eigenfunctions. Since they obtained weak 
probability estimates and had discrete random variables, they also introduced a new 
method to prove Anderson localization from estimates on the finite-volume resol- 
vents given by a single-energy multiscale analysis. The new method does not use the 
perturbation of singular spectra method nor Kotani's trick as in |CoHI ISWj . which 
requires random variables with bounded densities. It is also not an energy-interval 
multiscale analysis as in (DrK Fr MSS, .Kl_ , which requires better probability esti- 
mates. 

To prove localization for Poisson Hamiltonians |GHK2| . we exploited the prob- 
abilistic properties of Poisson point processes to use the new ideas introduced by 
Bourgain and Kenig [B1 IBKj 

Here we study attractive single-site potentials, which we write as —u, where u 
is a nonnegative, nonzero L°°-function on R'^ with compact support, with 

U-XAs (0) ^ !i w+xa_,^(o) for some constants u±,S± g]0,oo[. (1-3) 

{Al{x) denotes the box of side L centered at x e M'*.) It follows that Hx is 
essentially self-adjoint on Cg°(R'^) and a( gx) = K with probabihty one |CLllFFj . 
We show that the conclusions of jGHK2i hold in an interval of negative energies 
of the form ] — oo, Eo{q)] for some Eo{g) < 0. We obtain both exponential (or 
Anderson) localization and dynamical localization, as well as finite multiplicty of 
eigenvalues. 

For a given set B, we let xb be its characteristic function, Vq{B) the collection 
of its countable subsets, and its cardinality. Given X g 'Pq{A) and A <Z B, we 
set Xa '■= X a and Nx{A) := #Xa- We write |^| for the Lebesgue measure of 

a Borel set C M'^. We let Al{x) :— x + (— ^, ■j)'' be the box of side L centered 
at x e K"*. By A we will always denote some box Ai(x) , with Al denoting a box 
of side L. We set Xx ■= XAi{x), the characteristic function of the box of side 1 
centered at x € M''. We write (x) := a/1 -I- jxp, T{x) := (x)" for some fixed > ^■ 
By Ca.b,...i Ca.b,...j ^a,fc,..., ctc, wiU always denote some finite constant depending 
only on a, 6, . . .. 

A Poisson process on a Borel set B cM.'^ with density g > is a map X from a 
probability space (fi, P) to VoiB), such that for each Borel set A C -B with |^| < oo 
the random variable iVx(^) has Poisson distribution with mean g\A\, i.e., 

P{iVx(A) = fc} = ^^e-^l^l for fc = 0,1,2,..., (1.4) 
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and the random variables {A^x(^j)}"=i are independent for disjoint Borel subsets 

{A,}^u (e.g., mm) 

Theorem 1.1. Let Hx be an attractive Poisson Hamiltonian on L^(M'^) with den- 
sity Q > Q. Then there exists an energy Eq = Eq{q) < for which the following 
holds P-a.e.; The operator iJx hds pure point spectrum in ] — oo, Eq\ with exponen- 
tially localized eigenf unctions, and, if 4> is an eigenfunction of with eigenvalue 

E e] — oo, Eq] we have, with '■— \ \J \Eq — E < ruEa '■= \ \J ^hat 

llx.'/'ll < Cx,0e-™-l-l forallxeW. (1.5) 

Moreover, there exist t > 1 and s g]0,1[ such that for all eigenf unctions ^,4> 
(possibly equal) with the same eigenvalue -B g] — oo,Eq\ we have 

IIX.^II llx,>ll <Cx||T-V||||r-Vl|e<^>^e-l--^l° for all x,y I^'K (1.6) 

In particular, the eigenvalues of Hx in ] — oo, Eq] have finite multiplicity, and Hx 
exhibits dynamical localization in] — oo, Eq], that is, for any p > we have 

sup||(x)Pe-»*«-X]-oo,i=;o](^x)xoll2 < oo. (1.7) 

The proof of Theorem 11.11 relies on the construction introduced in |GHK2| for 
Poisson Hamiltonians, based on the new multiscale analysis of Bourgain |Hj and 
Bourgain-Kenig (BK| for Bernoulli- Anderson Hamiltonians. Exponential localiza- 
tion follows as in |BK| . The decay of eigenfunction correlations given in H1.6() then 
follows from |GK6| as in |GHK2 . Dynamical localization and finite multiplicity of 
eigenvalues are consequences of (|1.6|) . 

The Bourgain-Kenig multiscale analysis requires some detailed knowledge about 
the location of the impurities, as well as information on "free sites" , and relies on 
conditional probabilities. To deal with these issues and also handle the measurabil- 
ity questions that appear for the Poisson process, in |(tHK2| we performed a finite 
volume reduction in each scale as part of the multiscale analysis. 

In this note we review the basic construction of jGHK2, , and apply it to attractive 
Poisson Hamiltonians. But since these are unbounded from below, we need to 
modify the finite volume reduction and the "a priori" finite volume estimates. 

2. Attractive Poisson Hamiltonians 

The Poisson process X on M"^ with density g is constructed from a marked 
Poisson process as follows: Let Y be a Poisson process on M.'^ with density 2g, and 
to each ( G Y associate a Bernoulli random variable e(^, either or 1 with equal 
probability, with £y = {^^cicsY independent random variables. Then (Y,eY) is 
a Poisson process with density 2p on the product space R'' x {0, 1}, the marked 
Poisson process; its underlying probability space will still be denoted by (17, P). 
(We use the notation (r,ey) := {(C,£c); C e F} e 7'o(K'^ x {0, 1}).) Define maps 
X, X' : Vq{R'' X {0, 1}) ^ Vq{R'') by 

A'(Z) := {C e M-*; (C, 1) e Z}, A"(Z):={CeM'^; (C,0)eZ}, (2.1) 

for aU Z e VQiM.'^ x {0, 1}). Then the maps X, X' : ^ 7'o(K'*), given by 



X:=A'(Y,£y), X' A"(Y,£y), 



(2.2) 
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i.e., X(a;) = A'(Y(w), eY(w)(t^)), X'(lj) X'{Y{uj),ey-i^^){uj)), are Poisson pro- 
cesses on R'^ with density g (of. [El Section 5.2], \R.e\ Example 2.4.2]), and we have 

Nx{A) + Nyi,{A) = N^iA) for aU Borel sets A c M''. (2.3) 

If X is a Poisson process on R'' with density g, then is a Poisson process 
on A with density g for each Borel set A C M'^, with {X^^}"^]^ being independent 
Poisson processes for disjoint Borel subsets {Aj}^^^. Similar considerations apply 
to X' and to the marked Poisson process (Y, Sy), with X^, X^, Yj^, satisfying 

From now on we fix a probability space {fl, P) on which the Poisson processes X 
and X', with density g, and Y, with density 2g, are defined, as well as the Bernoulli 
random variables ey, and we have H2.2|l . All events will be defined with respect 
to this probability space. iJx (and Hy) will always denote an attractive Poisson 
Hamiltonian on L2(]R'') with density g> {2g), as in Hl.l(l - (|1.3(l . 

We start by showing that the attractive Poisson Hamiltonian is self-adjoint and 
we have trace estimates needed in the multiscale analysis. 

Proposition 2.1. The attractive Poisson Hamiltonians Hx. and Hy are essentially 
self-adjoint on C^(R'^) with probability one. In addition, we have 

tr{T-'^e-*"^T-^} < oo for all t > P-a.e., (2.4) 

and 

tr(r"V]-oo,B](^x)r"^) < oo for allE eM. P-a.e. (2.5) 

Since the potential is attractive, it may create infinitely deep wells. This is 
controlled by the following estimate. 

Lemma 2.2. Given a box A we set 

JIa-+,a:= (5^+Z'^)nA. (2.6) 

There exists L* = L*(d, g, 5-i-), such that for any L > L* we have 

P{Ny{A2s4j))) < glogL Vj e J^-^.a,} > 1 - L-i'°siogL (2.7) 

and 

P{|lXA,VV|loo <w+elogL}> l-i-i'°«'°s^. (2.8) 
It follows that for ¥-a.e. lo we have 

Vx(u){x)>Vy(^){x)>~c^\og{\ + \x\) forallx&M.\ (2.9) 
where c^ > Q (depending also on p, 6-^-, g,u^). 

Proof. We may assume g log L > I. Standard bounds on Poisson random variables 
(cf. ,aHK2. Eq. (2.7)]) give 

P{iVY(A2,^(x)) > ^.logL} < < i-|loglogL (2.10) 

for any a; G K*^, if i > Ll{d, g,S+). It follows that for L > L*{d, g, S+) we have 

P{^Y(A25jj)) < glogL Vj e h+,A,} > l-(f^)''L-f > l-L-§i°gi°gi. 

(2.11) 
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Now, for any a; e Al there exists j £ Ss+.A^ s-t. As+{x) C A2S+{j)- Hence, we also 
have 

P{N^{As^{x)nAL) < g\ogL Vx e A^} > 1 - L-t'°si°s-^. (2.12) 
But if the event in (|2.12|l occurs, it foUows from H1.3|l that 

\V^{x)\ <u+g\ogL WxeAL, (2.13) 

and 1)2. 8|l follows, since 

0>Vyi{x)>V^{x) (2.14) 
because of (I2.2f) . The Borel-Cantelli Lemma now gives (|2.9f) . □ 

In the one-dimensional case an estimate similar to 1)2. 9|l can be found in |H W| . 

Proof of Provosition \2. 1\ In view of (|2.9() . it follows from the Faris-Levine Theorem 
^Bl Theorem X.38] that i7x and Hy are essentially self-adjoint on C^{W^) with 
probability one. 

The trace estimate ()2.4|l follows from Gaussian bounds on heat kernels [BrLMI 
Lemma 1.7], which hold P-a.e. in view of H2.9|l . As a consequence, we have 

tr(T-ix]-oo,B](i?x)T-') = tr(T-ie-^-e2«-X]-oo,i;](i?x)c-^-r-i) (2.15) 

< e^^ tr(r-^e~^^^T~^) < oo for aU £; e K P-a.e. 

□ 

Given two disjoint configurations X,Y <£ VoiW'-) and ty = {^ci^ey ^ 

set 

Hx,(Y,t^) -.^ ~A + Vx,(Y.t^), where Vx,iY,t^)ix) -.^ Vxix) + J2ku{x-0- (2.16) 
In particular, given ey S {0, 1}^ we have, recalling (|2.1|l . that 

We also write Hi^y i^) :— H^i^ ^yiy^ and 

-ffx(w) = -f^(Y(w),£Y(c^)('^))- (2-18) 
3. Finite volume 

The multiscale analysis requires finite volume operators, which are defined as 
follows. Given a box A ~ Al{x) in and a configuration X, we set 

i/x,A -Aa + Vx,A on L2(A), (3.1) 

where Aa is the the Laplacian on A with Dirichlet boundary condition, and 

Vx,A XaVxj, with Vxa as in (3.2) 

The finite volume resolvent is Rx,a{z) '■= {Hx,a — z)^^. 

We have Aa = Va ■ Va, where Va is the gradient with Dirichlet boundary 
condition. We sometimes identify L^(A) with XA^^'^i^'^) and, when necessary, will 
use subscripts A and M.'^ to distinguish between the norms and inner products of 
L^(A) and L-^(R'^). Note that we always have 

XaVxa = XaVx.a', (3.3) 

where 

A^ALix) ■■= Al-s+{x) with Sm as in lfO|) . (3.4) 
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which suffices for the multiscale analysis. 

The multiscale analysis estimates probabilities of desired properties of finite vol- 
ume resolvents at energies E E R. {L^^ means LP^^ for some small (5 > 0. We will 
write U for disjoint unions: C — AU B means C — AU B with AO B = (A.) 

Definition 3.1. Consider an energy E Cz R and a rate of decay m > 0. A box 
is said to be {X, E,m)-good if 

||i?x,A.(i?)|| <e^" (3.5) 

and 

||x.i?x,Aji?)x,|| <e-"l--''l, forx,yeALWith\x-y\>J-. (3.6) 
We say that the box A^ is (w, E, m)-good if it is (X.{uj), E, m)-good. 

Condition H3.6|l is the standard notion of a regular box in the multiscale analysis 
[EYSl lFrMSS DrK, GKl, Kl . Condition plays the role of a Wegner estimate. 
This control on the resolvent is just good enough so that it does not destroy the 
exponential decay obtained with H3.6|l . Since Wegner is proved scale by scale (as in 
[CKMllEllljKp . it is incorporated in the definition of the goodness of a given box. 

But goodness of boxes does not suffice for the induction step in the multiscale 
analysis given in |EllBKj . which also needs an adequate supply oi free sites to obtain 
a Wegner estimate at each scale. Given two disjoint configurations A", F e VoiW^) 
and ty = {tcl^eY ^ [O'l]^' '^^ recall (|2.16|l and define the corresponding finite 
volume operators Hx^(Y,tY),A as in and (|3.2|) using X\, Y\ and ty^, i.e., 

Hx,(Y,tY),A + '^X,iY,tY),A ^^^^ Vx,{Y,tY),A ^AVx^,{YA,tYj^)^ (3-7) 

with Rx,{Y.tY) -Ai^) being the corresponding finite volume resolvent. 

Definition 3.2. Consider two configurations X,Y E 'Po{M.'^) and an energy E. A 
box Al is said to be {X,Y, E,m)-good if X (lY = $ and we have (|3.5II and (|3.t)|) 
with i?x,(F,ty),Ai, (£■) for all G [0,1]^. In this case Y consists of {X,E)-free 
sites for the box A^. (In particular, the box A^ is {X U X{Y, ey), E,m)-good for 
all ey e {0, 1}^.) 

The multiscale analysis requires some detailed knowledge about the location of 
the impurities, that is, about the Poisson process configuration, as well as informa- 
tion on "free sites" . To deal with this and also handle the measurability questions 
that appear for the Poisson process, a finite volume reduction was performed in 
|GHK2| as part of the multiscale analysis. The key is that a Poisson point can be 
moved a little bit without spoiling the goodness of boxes |GHK2I Lemma 3.3]. We 
now recall the construction of ,GHK2[ , with some slight adaptations to our present 
setting. 

Definition 3.3. Let rjL := c^^ " for L > 0. Civen a box A = Al{x), set 

Ja := {jex + tjlZ''; A,,^ (j) c A}. (3.8) 

A configuration X G 'Po{M.'^) is said to be A-acceptable if (recall (|2.6|l ] 

Nx{A2s+{j)) < glogL e h+,A, (3.9) 
A^x(A„Jj))<l for all j e Ja, (3.10) 
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and 

Nx{K\ U,eu A^,(i_^,)(j)) = 0; (3.11) 
it is A-acceptable' if it satisfies (|3. 9(1 . (13. 10(1 . and the weaker 

Nx{A\U,el,AnAj))^0- (3.12) 

We set 

Q^°) : = {Xe VoiR'^); X is A-acceptable}, (3.13) 

2^°') : = {X e VoiR"^); X is A- acceptable'}, (3.14) 

and consider the event (recall that Y is the Poisson process with density 2g) 

<^={YeQf}. (3.15) 

Note that C {X e Q^°^} and Q^"^ C Qf\ Condition (IXTTTl is put in to 
avoid ambiguities in the multiscale analysis. 

Remark 3.4. Note that (|3.9|l is not the same as |GHK2I Eq. (3.19)], and hence 
the above definitions of A-acceptable and A-acceptable' configurations are slightly 
different from the ones given in G HK2I Definition 3.4]. The reason for (|3.9() is to 
ensure the estimates H3.17|l and ((3.18|l in the next lemma. 

Lemma 3.5. Let A = A^. Then for all A-acceptable' configurations Y we have 

Ny (A) < g{2S+)-'^L'^ log L, (3.16) 
Vy{x) > -u+g\ogL for all x e A, (3-17) 

and 

H(Y,tY)A > -u+g\ogL for all ty G [0, l]"*". (3.18) 

Proof. The estimate ((3.16|l is an immediate consequence of (I3.9|l . It also follows 
from (13.91) . by the same argument used for (|2.13|l . that for all A-acceptable' con- 
figurations Y we have the lower bound (|3.17|) . from which we get (|3.18|l since 

H{Y,tY),A > Hy,A > Vy^A ■ n 

Lemma 3.6. There exists a scale L = L{d, g, (5+) < oo, such that if L > L we have 

P{f^A^} > 1 -i"^i°gi°gi. (3.19) 
Proof. Recalling (|2.7() . we have 

Pi^Tj > 1 - L-ii°gi°g-f' - 4d|?(L^-i + L'^)t]l - 2g^L'^rii, (3.20) 
and hence (|3.19() follows for large L. □ 

Lemma tells us that inside the box A, outside an event of negligible probabil- 
ity in the multiscale analysis, we only need to consider A-acceptable configurations 
of the Poisson process Y . 

Fix a box A ~ Al{x), then 

X^Y ^Nx[A^dj))=Ny{A^^{3)) for aU j e Ja (3.21) 
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introduces an equivalence relation in both Q/["'' and Q^' ; the equivalence class of 
X in Qf^ wiU be denoted by [X]^. If X e Q^"\ then [X]k = [X]'j^ n Q^^ is its 
equivalence class in Q''^ ■ Note that [X]'j^ = [^a]^- We also write 

[yl]A :== y [X]a for subsets A <Z Qf\ (3.22) 

The following lemma |GHK2I Lemma 3.6] tells us that "goodness" of boxes is a 
property of equivalence classes of acceptable ' configurations: changing configura- 
tions inside an equivalence class takes good boxes into just-as-good (jgood) boxes. 
Proceeding as in the lemma, we find that changing configurations inside an equiv- 
alence class takes jgood boxes into what we may call just-as-just-as-good (jjgood) 
boxes, and so on. Since we will only carry this procedure a bounded number of 
times, the bound independent of the scale, we will simply call them all jgood boxes. 

Lemma 3.7 (' jGHK2p . Fix Eq > and consider an energy E £ [0,Eq\. Suppose 
the box A = (with L large) is (X, E,m) -good for some X G Qa'l ■ Then for all 
Y G [A'Ja the box A is {Y, E,m) -jgood, that is, 

\\RY.AiE)\\ < e^'"+''' ~ 6^'" (3.23) 

and 

\\x.RY,AiE)Xy\\ < e-'"!--''! -f TyJ ^ e""!^"^!, for x,y € A with \x - y\ > ^. 

(3.24) 

Moreover, if X,Y, X U Y E Qa'^ the box A is {X,Y, E,m)-good, then for 
all Xi e [X]'j^ and Yi G [Y]'^ we have Xi U Yi e [X U Y]'j^, and the box A is 
{Xi,Yi,E,m)-jgood as in and 

s 

We also have a lemma |GHK2I Lemma 3.8] about the distance to the spectrum 
inside equivalence classes. 

Lemma 3.8 f {GHK2j l. Fix Eq > and consider an energy E £ [0,£^o] o.iT'd a box 
A = Al (with L large). Suppose dist{E,a{Hx,A)) < tl for some X e Qa'^ ' where 
.JrjZ < tl < i . Then 

1 

dist(£;,cr(i7y^A)) < e'^^Vi for all F G [Xj^. (3.25) 
In view of H3.16|I - (|3.1U|I we have 

Qa V ^ = {[J]a] J e Ja}, where Ja := {J C Ja; ^ holds}, (3.26) 
and we can write and 51^^ as 

QT= U Wa and <U |J{Yg[J]a}. (3.27) 

J£Ja JeJA 

We now introduce the basic Poisson configurations and basic events with which 
we will construct all the relevant probabilistic events. These basic events have to 
take into account in their very structure the presence of free sites and the finite 
volume reduction. The following definitions are borrowed from |G!HK2j . 
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Definition 3.9. Given A = Al{x), a K-hconfset (basic configuration set) is a subset 
of of the form 

Ca,b,s-^ U [BUX{S,es)]A^ [_\[BUS']a, (3.28) 

where we always implicitly assume BU S € J a- Ca,b,s a K-dense bconfset if S 
satisfies the density condition ( cf. (|3.4|) ) 

#(5 n Ail- ) > L"^- for all boxes A^i- C A^. (3.29) 

We also set 

Ca,b Ca^b,$ = [B]a- (3.30) 

Definition 3.10. Given A — Al{x), a K-bevent (basic event) is a subset offlf^ of 
the form 

Ca,b.b',s ■■= {Ye[BuB'u S]a} n {X e Ca^b,s} n {X' e Ca,s',s}, (3.31) 
where we always implicitly assume B U B' LA S Cz J a- i^i other words, the K-bevent 
Ca,b.B',s consists of all uj G il^'' satisfying 

A^xm(A,,(j)) = 1 if jeB, 
^x'm(A,,(j))-1 J^B\ 

^YM(A^,(j))=0 if jelA\{BUB'US). 

Ca,b,B',s is a A-dense bevent if S satisfies the density condition (|3.29|l . In addition, 
we set 

Ca,b,b' ■= Ca,b.b'3 = {X e Ca,b} n {X' e Ca,b'}- (3.33) 

The number of possible bconfsets and bevents in a given box is always finite. 
We always have 

Ca,b,b',s C {X e Ca,b,s} n (3.34) 

Ca,bm',s C Cam.bub'us = {Y €[BuB'u S]a}. (3.35) 
Note also that it follows from (|TT3|) . and that 

□ Ca,b.b' (3.36) 

{(B,B'):BuB'ejA} 

Moreover, for each 5*1 C 5 we have 

Ca,b,s = |_J Ca,buS2,s\Si, (3.37) 
S2CS1 

Ca,b,b'.s = |_J Ca,suS2,-B'u(Si\S2),s\Si- (3.38) 
S2CS1 

Lemma f3 . 71 leads to the following definition. 

Definition 3.11. Consider an energy E' G R, m > 0, and a box A = Al(x). The 
K-bevent Ca.b,B'.s and the A-bconfset Ca.b,s o,i"e (A, E,m)-good if the box A is 
{B, S, E,m)-good. (Note that A is then (w, TO)-jgood for every cu G Ca,b,B',s-) 
Those (A, E,m)-good bevents and bconfsets that are also A-dense will be called 
(A, E, m)-adapted. 
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Definition 3.12. Consider an energy E (z R, a rate of decay ni > 0, and a box 

A. We call I^a a (A, E,m) -localized event if there exist disjoint {A, E,m)- adapted 
bevents {C\^Bi,B',Si}i=i,2....j such that 

I 

!^A = |JCaa,b^,s,- (3.39) 

i=l 

If Qa is a (A, E, m)-localized event, note that VIa C fi^'' by its definition, and 
hence, recaUing H3.38|l and (|3.33|) , we can rewrite flA in the form 

J 

f^A- |JCa,a„a;., (3.40) 
j=i 

where the {Ca,Aj,a^ }j=i,2,...,j are disjoint (A, m)-good bevents. 

We will need (A, E, m)-localized events of scale appropriate probability. 

Definition 3.13. Fix p > 0. Given an energy E £ R and a rate of decay m > 0, 
a scale L is {E, m)-localizing if for some box A — A^ (and hence for all) we have a 
{A, E^m) -localized event JIa such that 

P{17a} > 1 - L-P. (3.41) 

4. "A priori" finite volume ESTIMATES 

Given an energy E, to start the multiscale analysis we will need, as in [El IBK| . 
an a priori estimate on the probability that a box A/^ is good with an adequate 
supply of free sites, for some sufhciently large scale L. The multiscale analysis will 
then show that such a probabilistic estimate also holds at all large scales. 

Proposition 4.1. Let be an attractive Poisson Hamiltonian on L'^(R'^) with 
density g > 0, and fix p > 0. Then there exists a scale Lq =^ Lo{d^u, g,p) < oo, 
such that for all scales L > Lq, setting 

Sl {g'Hp + d+l) log L)i, El := -2u+g\ogL, (4.1) 

and 

mL,E ■■= \\I\El ~E<mL:^ for all E e] - (x, El], (4.2) 
the scale L is {E, mL,E)-localizing for all energies E e] — oo, El]- 

Proof. Let A ~ Al{x), and let 6l and El be as in ijTT)i. If r e Q^"\ it follows 
from H3.18|l and the Combes-Thomas estimate (e.g., jGK2l Eq. (19)]) that for aU 
E £] — oo, El] and all ty G [0, 1]^ we have, with mL{E) as in H4.2|l . that 

l|i?(Y,t^),A(^^)|| < (2mi,B)-2 (4.3) 

and 

\\XyRiY.t^)AE)Xy' II < h^fs e-^"'-^-\y~y'\ for y,y'eA with |y - y'| > A^fd. 

(4.4) 

We now require L > 5l + 5+, and set 

J:^{jex + Sl'L" n A; A^, (j) C A}, (4.5) 
Ja {S e Ja; Ns{As, {j)) > 1 for aU j G J}. (4.6) 
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If 5 e J7a, the density condition (|3.29|1 for S* in A follows from (|4.6|l . and it follows 
from H4.3|l and H4.4|l that Ca, 0,0,5 is a (A, i5, TOL,_E)-adapted bevent for all E e 
] — 00, El] if L > Li{d, u, Q,p)- We conclude that 

f^A = U Ca,0,0,5 = U {Y e [S]a} (4.7) 
sejA seJa 
is a (A, i?, TOL,£;)-localizing event for all E e] — 00, El]. 
To establish ()3.41|) . let (5^ :— ^Sl and consider the event 

:={7Vy(A5^(j))> 1 for all j e J}. (4.8) 

We have 

P{l]i«} > 1 - f f ^^-^^(^i.)' = 1 - i-— > 1 - J—, (4.9) 

if L > e3;+fcr. Since flA D H follows from g^)) and JTT^ for 

L > Lo{d,u, g,p). □ 

5. The multiscale analysis and the proof of localization 

The Bourgain-Kenig multiscale analysis, namely |BK| Proposition A'] , was adapted 
to Poisson Hamiltonians in |GHK2I Proposition 5.1]. To apply the latter to attrac- 
tive Poisson Hamiltonians we must show that the requirements of this multiscale 
analysis are satisfied. More precisely, we must show that attractive Poisson Hamil- 
tonians satisfy appropriate versions of Properties SLI (Simon-Lieb inequality), EDI 
(eigenfunction decay inequality), IAD (independence at a distance), NE (average 
number of eigenvalues), and GEE (generalized eigenfunction expansion); see jGKlj . 
The Wegner estimate is proved by the multiscale analysis; it is not an "a priori re- 
quirement" . 

Since events based on disjoint boxes are independent, we have Property IAD. 
Property GEE is satisfied in view of l|2.4|l , and we also have p. 5(1 , which is needed 
in the multiscale analysis. 

But Properties SLI, EDI and NE require some care and modification. In a box 
Al we always work with A^-acceptable configurations X, whence the potential 
Vx,Ai satisfies the lower bound (|3.17|l . Inside the box A^, Properties SLI and EDI 
(see |rTK4. Theorem A.l], |BKI Section 2]) are governed by the same constant 7_b,l 
given in |GK4I Eq. (A. 2)], and hence for A^-acceptable configurations we have 

7]-oo.0].L sup 7£;,L < Cd\/u+Q\ogL. (5.1) 

Ee]-oo,Q],L 

For Property NE, it follows by the argument in |GK4[ Eqs. (A.6)-(A.7)] that for 
all Ai-acceptable configurations X and energies i? g] — 00, 0] we have 

tr {X(-oo,E){Hx,Al)} < {X(-oo,_E+«+£,logL)(-AAi)} (5.2) 

< Cd{u+glogL)H''. 

The extra factors of ^/[ogL in (|5.1|l and H5.2|l are acceptable in the multiscale 
analysis. 

The Wegner estimate is proved at each scale using |BKI Lemma 5.1']. The sign of 
the single-site potential does not matter in this argument, as long as the single-site 
potential has a definite sign, positive or negative, to ensure the monotonicity of the 
eigenvalues in the free sites couplings. 
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Thus the following proposition follows from Proposition 14.11 and |CtHK2I Propo- 
sition 5.1]. 

Proposition 5.1. Let Hx be an attractive Poisson Hamiltonian on L^(M'') with 
density g > and p = |d— - Then there exist an energy Eq ~ £^o(p) < and a 

scale Lq — Lo{g), such that setting niE j\J \Eq — E < niE,, ■= j\J ^jEq, the 
scale L is {E, mE) -localizing for all L > Lq and E Cz] ~ oo, Eq]. 

Theorem 11.11 now follows from Proposition 15 . II as in IGHK2L Proposition 6.1]. 
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